808

AIAA JOURNAL

VOL. 26, NO. 7

A New PNS Code for Chemical Nonequilibrium Flows

D. K. Prabhu* and J. C. Tannehillt
Iowa State University, Ames, Iowa

and

J. G. Marvin}
NASA Ames Research Center, Moffett Field, California

A new parabolized Navier-Stokes (PNS) code has been developed to compute the hypersonic laminar flow of a
multicomponent, chemically reacting mixture of thermally perfect gases over two-dimensional and axisymmetric
bodies. The new PNS code solves the gas dynamic and species conservation equations in a coupled manner using a
noniterative, implicit, space-marching, finite-difference method. The conditions for well-posedness of the space-
marching method have been derived from an eigenvalue analysis of the governing equations. The code has been used
to compute the hypersonic laminar flow of chemically reacting air over wedges and cones. The results of these
computations are in good agreement with the results of reacting boundary-layer calculations.

Introduction

HE recently proposed space transportation systemsl’2 have
sparked a renewed interest in hypersonic aerothermody-
namics. The high-temperature shock layers around these vehi-
cles will have many complex relaxation phenomena, such as
vibrational excitation, chemical reactions, and ionization, tak-
ing place within them. Furthermore, these relaxation process
are likely to be far from equilibrium at the high operational
altitudes of the vehicles. At present, simulation of such finite-
rate processes in ground-based experimental facilities is
difficult. Hence, numerical simulation is necessary to predict
the aerothermodynamic environments around these vehicles.
This is the focus of attention of several investigations today.
Several researchers®>” have used time-marching techniques
to compute flowfields that are in thermochemical nonequi-
librium. These methods require a substantial amount of com-
puter time. Space-marching methods, on the other hand,
require much less computer time and provide accurate solu-
tions where applicable. In the past, inviscid chemical nonequi-
librium flowfields around complex geometries such as the
Space Shuttle Orbiter have been successfully analyzed®'? using
space-marching methods. The success of Blottner'*!* in com-
puting viscous flows using boundary-layer methods has led to
the development of a versatile boundary-layer code.'®> The
seminal effort of Davis'® has led to development and applica-
tion!”2°® of the viscous shock-layer (VSL) equations. The VSL
equations are uniformly valid in the shock layer and thus do
not require specification of the flow conditions at the edge of
the boundary layer. The equations, however, fail in the pres-
ence of crossflow separation because they are completely
parabolic in both the streamwise and crossflow directions. This
deficiency is overcome through the use of the parabolized
Navier-Stokes (PNS) equations. The PNS equations are also
uniformly valid in the shock layer but, unlike the VSL equa-
tions, do not fail in the presence of crossflow separation.
Bhutta et al?® have recently used the PNS equations to
compute chemical nonequilibrium flows around multiconic
geometries.
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The purpose of this paper is to describe the development of
a new PNS code to compute nonequilibrium flowfields around
two-dimensional and axisymmetric bodies. Only chemical
nonequilibrium is considered, and thermal equilibrium is as-
sumed. The coupled set of gas dynamic and species conserva-
tion equations is solved in a noniterative manner. This
approach is different from that taken by Bhutta et al.,”! who
solved the gas dynamics and chemistry separately and used an
iterative approach to couple the two. The present formulation
also differs from previous viscous formulations in the form of
the energy equation used. Since the gases that constitute the
reacting mixture are thermally perfect, the energy equation is
usually written in terms of the mixture temperature. While such
a formulation leads to easier evaluation of thermodynamic and
transport properties, it results in unwieldy source terms being
added to the energy equation along with a loss of the conser-
vation-law form. In the present formulation, the energy equa-
tion is written in terms of the total enthalpy of the mixture.
Thus, the conservation-law form is retained. The mixture tem-
perature is determined iteratively using the efficient Newton-
Raphson method. This quadratically convergent method adds
very little computing time.

The flow medium considered in the present computations is
air consisting of five species. The code has been used to com-
pute chemically reacting flowfields around wedges and cones.
Results of the computations are compared with those of a
reacting boundary-layer code.!’

Governing Equations

PNS Equations

The equations governing the unsteady, laminar flow of a
multicomponent gas in chemical and thermal nonequilibrium
have been derived in great detail by Lee.?? The two-dimen-
sional/axisymmetric PNS equations are obtained from these
equations by assuming that 1) the flow is steady, 2) there is only
one temperature (thermal equilibrium), 3) there is no radiation
or ionization, 4) the mass diffusion is binary and due to concen-
tration gradients only, and 5) the viscous and diffusion effects
in the streamwise direction are negligible. The resulting equa-
tions, which are expressed in (£,5) computational coordinates
via the transformation £ = &(x,y), n = 5(x,y), can be written in
nondimensional strong conservation-law form for an n-com-
ponent system as

o1 1
E.+F +8=—(F"),+—8"+5° 1
CHE, S = (B, 4 ST ©

The (n + 3)-component vector of conservation variables Q is

Q = {PapuaPU,PH’PQ,Pczau-,pcn7I}T (2)
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Note that the gas dynamic and chemistry variables are ele-
ments of the same vector.

For this choice of dependent variables, the (n + 3)-compo-
nent transformed inviscid flux vectors E and F are

1 . A N N .
E =5 {pUpulU + ploprU + pLyopHU.perU....pC, - O

A
you

1. . . N R .
F=—{pV.puV +pnopoV + pn,.pHV.pc, Vpu_ VYT (3)

where the contravariant velocity components are
U=¢(u+ ¢
V=nu+np 4

The (n + 3)-component transformed viscous flux vector F” is

~ 0 .
£y, + 450,
£yu, + 4,0,
%(/1 —£)(u 2)11 + %(/ 2 —£ 4)(02)" + /3(uv)r[ +
Ll + (s —24) Y hie), &)
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Fo=-

/5(Cn - 1)11

where the coefficients £,—¢5 are

4
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The inviscid source vector S’ for axisymmetric formulation is

1
Si= 7 {pv,puv,pv®,pvH,pvc,,pvc,,...,pvc, _ 1 }7 7

the viscous source vector S for the axisymmetric formulation
is

_ . T
— ), + wln.v, +nu,)
S uy), + 2u(n,p, — v/y)
—Iyn(uuv/y), —n,(uv?), +

1 Bk
z(u %)ny(uz D), o, + o) =
1 Pr Bk
S = }Tf %/w(rlx“n + nyv'l)'l - 62__ r’J’H" + ®
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and the chemical source vector S¢ is
1
Sc= 7 {0,0,0,0,1,...Wy,....,, _ 1}T ©)]

where w, is the mass production rate of species s.

Only (n — 1) of the n species continuity equations are re-
quired because the sum of all the mass fractions is one. There-
fore, the total number of conservation equations that need to
be solved is (n + 3). The nth species continuity equation is
replaced by the following algebraic equation:

n—1

G=1-3 ¢ (10)

s=1

In addition to the preceding equations, the following equations
are also used:

T e
p=BETpr(§ ) an

s=1

1
H=h+5(u2+vz) (12)

Equation (11) is the equation of state for perfect gases, and Eq.
(12) is the definition of the mixture total enthalpy.

In Eqs. (1-12), u, v, p, T, p, h, Cop M, 1, x, and D represent
the nondimensional velocity components in the x and y direc-
tions, pressure, temperature, density, enthalpy, frozen specific
heat at constant pressure, molecular mass, viscosity, thermal
conductivity, and binary diffusion coefficient, respectively. The
following nondimensionalization has been employed in the
present formulation (dimensional and freestream quantities
are indicated by superscript * and subscript oo, respectively):

x*’y* P* . W:L*
P P M T
uv=u*’v* h=——h* =£
N7 vE? H=
o* M* K*
= — = K =—
P M K%
T* C* % D*
T-—-— =22 p_2 (13)
R AN 7T D%,

and the other nondimensional quantities appearing in the
equations are

pLYELY _arTy
Re = ut p.= px V2
R*TY pLDL
howve P (4

where Re is the Reynolds number based on the reference length
L* of unity and R* is the universal gas constant (8314.34 J/
kmol - K). The expressions for the Jacobian J and the metrics
of the coordinate transformation ¢, ¢,, 7,, and #, are given in
Ref. 23.

Gas Model, Thermodynamic, and Transport Properties

Gas Model

The chemical model used in the present calculations is air
consisting of molecular oxygen (0O,), atomic oxygen (O),
atomic nitrogen (N), nitric oxide (NO), and molecular nitro-
gen (N,). These species are indexed s = 1-5 in the order shown.
The following reactions are considered between the constituent
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species:

O, +M;=20+M,

2) N+ M, ==2N+M,

3) N+ N=2N+N

4) NO+M;=N+0O+M,

5) NO+O=0,+N

6) N+ O=NO+N
where M, M,, and M, are catalytic third bodies. The preced-
ing model has five species (n = 5), six reactions, and eight reac-
tants. The mass production rate of any species s of the gas
model is calculated using expressions developed in Ref. 23, and
all the necessary constants are obtained from Ref. 15.

Enthalpy and Specific Heat

The enthalpies and specific heats of the species are obtained
from the following relations:

h¥ =T*-C, (T%) +hs*  (Jkg)

Crs=C(T";  (J/kg-K) (15)
Tables of C;, and C, as functions of 7* (K) are obtained
from Ref. 15. Cubic spline interpolation is used in these tables.
The enthalpy and frozen specific heat of the mixture are given
by the following expressions:

h*= 3 cht,  C}r=3 ¢C}, (16)

s=1 X s=1

Viscosity and Thermal Conductivity

The viscosity of species s is calculated from curve fits devel-
oped in Ref. 15. These curve fits are of the form

p¥ =0.1expl(4, log,T* + B) log,. T* + CJ; (N -s/m?
(17)

where A4, B,, and C, are constants. The thermal conductivity of
species s is computed using Eucken’s semiempirical formula

{*R* M* s
K= (c;,sR*ﬁLZ . (W/m-K) (18)

The viscosity and thermal conductivity of the mixture are cal-
culated using Wilke’s semiempirical mixing rule.?*

Diffusion Coefficient

The binary Lewis numbers for all the species are assumed to
be the same constant Le. The binary diffusion coefficient D* is
then computed from the definition

K*Le

D¥=——;
p*Cy,

(m?/s) (19)

The dimensional thermodynamic and transport properties are
nondimensionalized using Eq. (13) prior to their use in the
code.

Streamwise Pressure Gradient

In their present form, the governing equations, Eq. (1), are
hyperbolic-elliptic in the “streamwise” or marching direction &,
and consequently the space-marching method of solution is
ill-posed. An eigenvalue analysis (see Ref. 23 for details) of the
governing equations shows that the single-sweep space-march-
ing method of solution is well-posed if and only if 1) there is no
axial flow separation in the domain of interest, 2) the local
frozen Mach number is greater than unity in the inviscid part
of the flowfield, and 3) only a fraction w (0 < w < 1) of the
streamwise pressure gradient is retained in the subsonic part of
the flowfield. The magnitude of w depends on the local frozen
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Mach number, and the final expression used is
o =min{l,eMP?[1 + y(M$ — 1] '} (20)

where ¢ (0.8 < ¢ <0.9) is a factor of safety, M7 is the stream-
wise frozen Mach number, and y = B/MC,,. Note that the
entire streamwise pressure gradient term is retained if the
streamwise frozen Mach number is greater than one.

The PNS equations after the introduction of @ can be writ-
ten in compact form as

1 1
E.+P.+F +8'=—(F — S? 4+ 8¢
¢+ P:+F, + Re( )"+Res + (21
where

1 PN N - ~ N
E = 7 {pU.puU + wpé ,poU + wpé,,pHU,pc,U,....pc, U}T
(22

P (_I:JL)P {0,£,,¢,,0,0,0,...,0}7 (23)

The “elliptic” portion of the streamwise pressure gradient
0P [d¢& is neglected within the subsonic portion of the boundary
layer. As a result, the final set of equations becomes

1 1
A F 4 S = (P oo ST S (24)

R—e(

An implicit, noniterative, finite-difference scheme is used to
solve the preceding system of equations.

Numerical Solution of PNS Equations

Finite-Difference Algorithm

The numerical algorithm used to solve the system of equa-
tions, Eq. (24), is an adaptation of the one developed by
Tannehill et al.?® The algorithm in delta-form is

0 1
{A,.J e (B,.J. — o M ,>—DI}A,,.Q = —AE;

Q

0 1 . A
—AL— (Fi,i _—I—Q_;F?’i> _Afsi‘,/ +'R_is?,i +A€S§J+D2E/

i 25)
Qi+ 1j = Qi,j + Ai,iQ (26)
where
OE’ oF oF°
() ) )

The subscript i refers to the station ¢ = iA¢, and the subscript
Jj refers to the point # = (j — 1) An. The derivative 8/dn is re-
placed by the conventional three-point central-difference oper-
ator. The algorithm is first-order accurate in the & direction and
second-order accurate in the 5 direction.

The Jacobian matrices 4, B, and M are given in Ref. 23. In
the linearization of the viscous flux, the transport properties
are assumed to be locally constant. All the source terms have
been lagged in the present formulation. The left-hand side of
Eq. (25) corresponds to a block-tridiagonal system of equa-
tions. The blocks are square matrices of order (n + 3). For the
five-species air model considered in the present calculations,
the blocks are square matrices of order eight. The block-
tridiagonal solver for the 8 x & blocks is developed along the
same lines as the one by Steger?” for 5 x 5 blocks. The second-
order implicit and fourth-order explicit smoothing operators
are D, and D,, respectively. The forms of these operators can
be found in Ref. 23.
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Boundary Conditions

In the present work, the outer boundary is taken to be the
freestream and the wall is taken to be the inner boundary. Any
discontinuities in the flowfield are “captured” as a part of the
solution.

The following nondimensional boundary conditions are im-
posed implicitly at the wall:

(H u=0, v =0, oplon =0
(2) T =T, (isothermal wall) or 0T /0n = 0 (adiabatic wall)

(3) ¢, = ¢, (catalytic wall) or dc,/0n =0 (noncatalytic wall),
s=12,...n

The nondimensional boundary conditions at the outer
boundary are

(H u=1l, v=0
(2 T=1, p=1,

Initial Conditions

The PNS equations require initial conditions in addition to
the boundary conditions. The usual procedure is to use an
initial data plane generated by a full Navier-Stokes code. For
conical or pointed bodies, however, the present code generates
it own starting solution. This starting solution is generated
iteratively using a “stepback™ procedure.?® In this procedure,
the viscous flow is assumed to be conical. Such an assumption
is approximately valid for high Reynolds number flows over
pointed bodies.”® The flow variables are set to their freestream
values, and the solution plane is marched from & =¢, to
& =&, + A€ on a conical grid. The variables at the new station
are scaled back to ¢ =¢&,. This procedure is continued until
the L,-norm of the change in variables is less than a preset
tolerance.

Decoding

The primitive variables p,u,0,H,c,,...,c, _ ; at station i 4+ 1 are
easily obtained from the elements of @, , ; . The mass fraction
of the nth species is computed using Eq. (10), and the static
enthalpy of the mixture is computed using Eq. (12). For a given
species distribution ¢),¢,,...,c, and mixture enthalpy h, the static
temperature T* is determined using the quadratically conver-
gent Newton-Raphson (NR) method. The NR algorithm is

L ch(T*) —h*
T*k+1=T*k__5=1 (28)

2 6CrdT*)

s=1
where k is the index of iteration. The iterations are continued
until the absolute value of the difference between two succes-
sive values of temperature is less than a given tolerance. Once
the temperature is determined, the thermodynamic and trans-
port properties are easily computed using the expressions given
in the previous sections.

Fig. 1 Coordinate system.
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Fig. 2 Tangential velocity profiles at x*/L* =3.5,

Grid Generation

An algebraic grid generation procedure is used in the present
calculations. In this procedure, the point on the body surface
and the point on the outer boundary are connected by a
straight line, and the grid points are distributed on this line
using a stretching function.?*> Grid stretching is necessary for
good resolution of the subsonic viscous layer. The metrics are
then computed using one-sided differences in the ¢ direction
and central differences in the 5 direction. ’

Numerical Results
In order to validate the present PNS code for chemical
nonequilibrium flows, two test cases were computed. The coor-

dinate system employed in the present calculations is shown in
Fig. 1.

Test Case 1

The first test case computed was that of the hypersonic lam-
inar flow of dissociating air over a 10-deg wedge. The altitude
chosen was 60.96 km, where the ambient pressure and temper-
ature are 20.35 N/m? and 252.6 K, respectively. The flow con-
ditions were

V%, = 8100 m/s

T¥ = 1200 K and noncatalytic wall
€1 =0.21 and ¢, =0.79

Le=14

The computation was started at x*/L* =10~ using initial
conditions obtained from the “stepback” procedure. The solu-
tion was then marched to x*/L* = 3.5. The nondimensional
marching step size was varied linearly from 5x 1074
1.2 x 1073, The grid used in the calculations consisted of 67
points in the normal direction. The nondimensional distance of
the first point away from the body surface was also varied
linearly from 8 x 107°-3.5 x 10~*, which determined the ap-
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propriate value of the grid-stretching parameter. The grid lines
were placed normal to the body, and the nondimensional
height of the outer boundary was kept fixed at 0.75. The edge
of the boundary layer was located approximately using total
enthalpy as the criterion. The edge values of pressure, temper-
ature, and velocity at the last station were then used as the
uniform edge conditions for the reacting boundary-layer
(RBL) code of Ref. 15.

Profiles of tangential velocity and temperature at x*/
L* = 3.5 obtained from the two codes are compared in Figs. 2
and 3, respectively. The tangential velocity is defined as

U,=u-cosf +v -sinb 29)

The agreement between the two codes is very good, except over
a small distance close to the boundary-layer edge. The O mass
fraction and NO mass fraction at x*/L* = 3.5 obtained from
the two codes are compared in Figs. 4 and 5, respectively. The
PNS code predicts a greater amount of NO than the RBL code.
It must be recalled here that the PNS equations contain a
normal momentum equation. This permits interaction of the
outer inviscid flow with the inner viscous region. At the altitude
considered, this interaction is fairly strong because the
Reynolds number is low. Consequently, the pressure is higher,
which in turn implies a greater amount of dissociation.

The nondimensional pressure, skin-friction, and heat-
transfer coefficients are defined as follows:

oy T —9q%

“m wm Tk Y

where the wall shear stress is computed from
*

on*

; (N/m?) (3D

w

* *
Tw = —Hw

and the total heat transfer is computed from
%

on*

" oc
—ptDY ¥, bt ==
w b sgl an*

; (Wm?)  (32)

w

* *
gw = —Ky

The first term in Eq. (32) is the conductive heating rate, and the
second term is the diffusive heating rate. The partial derivative
0/0n* is taken in the direction normal to the body surface.
For this test case, the freestream conditions were chosen to
be the reference conditions. In Fig. 6, the wall pressure co-
efficient is plotted against the axial distance. It is evident from
the figure that the pressure predicted by the PNS code is higher
than the edge pressure of the RBL code. It is also clearly seen
that this pressure asymptotically reaches the edge pressure of
the RBL code. The heat-transfer and skin-friction coefficients
obtained from the two codes are ploited as functions of the
distance along the code axis in Figs. 7 and 8, respectively.
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Fig. 3 Temperature profiles at x*/L* =3.5.
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The coefficients predicted by the two codes are in excellent
agreement.

Test Case 2

The second test case computed was that of the hypersonic
laminar flow of dissociating air over a 10-deg cone at two
different altitudes. The first altitude chosen was 60.96 km,
where the ambient pressure and temperature are 20.35 N/m?
and 252.6 K, respectively, and the second altitude chosen was
45.72 km, where the ambient pressure and temperature are
136.7 N/m? and 266.2 K, respectively. The flow conditions
were

V* =8100 m/s

T* = 1200 K and noncatalytic wall
Clo =021 and ¢5,,=0.79
Le=14
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Fig. 11 O mass fraction profiles at x*/L* = 3.5,
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Fig. 12 NO mass fraction profiles at x*/L* = 3.5.

The computations for both the altitudes were started at x*/
L* =103 The initial solutions were obtained using the “step-
back” procedure. These initial solutions were marched to
x*/L* =3.5. The grids used in both calculations consisted of
67 points in the normal direction. For the higher altitude, the
marching step size was varied linearly from §x 1074-
1.2 x 1073, the distance of the first point away from the body
surface was varied linearly from 8 x 107°-3.5 x 10~4, the grid
lines were placed normal to the body, and the height of the
outer boundary was kept fixed at 0.5. For the lower altitude,
the marching step size was varied linearly from 1 x 1075~
1.2 x 1073, the distance of the first point away from the body
surface was varied linearly from 5 x 10767 x 1075, the grid
lines were placed normal to the body, and the height of the
outer boundary was kept fixed at 0.35. As in the previous test
case, the edge of the boundary layer was located approximately
using total enthalpy as the criterion, and the edge values of
pressure, temperature, and velocity at the last station were then
used as the uniform edge conditions for the RBL code.!®

The tangential velocity and temperature profiles at x*/
L* = 3.5 are plotted in Figs. 9 and 10, respectively. The agree-
ment between the two codes is excellent for both altitudes. The
velocity and thermal boundary layers corresponding to the
lower altitude are much thinner than those at the higher alti-
tude. This is to be expected because the lower altitude corre-
sponds to a higher Reynolds number. The O mass fraction and
NO mass fraction profiles at x*/L* = 3.5 are displayed in Figs.
11 and 12, respectively. The amount of NO predicted by the
PNS code is larger than the predicted by the boundary-layer
code for the higher altitude. For the lower altitude, the
amounts of NO predicted by the two codes are in good agree-
ment. As mentioned earlier, the lower altitude corresponds to
a higher Reynolds number, and consequently, the viscous
boundary layer is quite thin. The interaction between the invis-
cid outer flow and the inner boundary layer is not as strong as
that at the higher altitude.
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The freestream conditions corresponding to the lower alti-
tude were chosen as the reference conditions for the nondimen-
sional coefficients. The computed surface pressure coefficients
at the two altitudes are plotted as functions of the distance
along the cone axis in Fig. 13. It is evident from the figure that
the surface pressure asymptotically reaches a constant value. In
Figs. 14 and 15, the computed heat-transfer and skin-friction
coefficients, respectively, are displayed as functions of the axial
distance. The agreement between the two codes is excellent at
both altitudes. The figures show that the heat transfer and skin
friction at the lower altitude are larger than those at the higher
altitude.

In Fig. 16, the peak temperature in the viscous boundary
layer is plotted as a function of the axial distance. The peak
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temperatures at the lower altitude are smaller than those at the
higher altitude. This is to be expected since more dissociation
takes place at the lower altitude. The peak O, N, and NO mass
fractions in the flowfield are plotted against the axial distance
in Figs. 17-19, respectively. As seen in these figures, signifi-
cantly more dissociation takes place at the lower altitude than
at the higher altitude.

The Damkdohler number, which is the ratio of the fluid dy-
namic time scale to the chemical time scale, serves as a good
measure of the “stiffness” of the chemically reacting system.
For the altitudes considered in the present calculations, the
Damkdhler number is relatively small. This implies that the
flow is closer to “frozen” flow since the chemical relaxation is
very slow. Therefore, the step sizes chosen for the present cal-
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culations were adequate. A completely implicit treatment of
the chemical source terms was found to have little or no effect
on the results presented here.

All the computations were performed on the CRAY-XMP/
48 computer at NASA Ames Research Center. Each test case
involved 8 x 8 block matrices and required 2 x 10~* s per grid
point per step. The first test case required 4100 steps (55 s), and
the second test case required 4100 (55 s) and 5800 (78 s) steps
for the higher and lower altitudes, respectively.

Concluding Remarks

A new PNS code has been developed to compute the hyper-
sonic laminar flow of chemicalily reacting air consisting of five
species. Temperature variations of species, specific heats, and
enthalpies were taken into account. A noniterative, implicit,
space-marching, finite-difference method was used to solve the
coupled set of gas dynamic and species conservation equations.
The conditions for well-posedness of the space-marching
method were derived from an eigenvalue analysis of the gov-
erning equations. In order to validate the code, two laminar
test cases were computed, including hypersonic flow over a
10-deg wedge and hypersonic flow over a 10-deg cone at two
different altitudes. The computed results were in very good
agreement with those of reacting boundary-layer computa-
tions. The present work has been extended to compute three-
dimensional flowfields around simple geometries, and the
results are presented in Ref. 30.
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